INTRODUCTION
In this paper we consider what may be learned about the renormalization constant of the nucleon and the nucleon propagator from analyticity and unitarity.
The starting points for our investigations are the lower bound for the nucleon spectral function given by nN intermediate states, and the phase of the improper vertex function, given in certain regions by elastic unitarity.
Our principal results are a new rigorous upper bound of 0.42 for Z2, the nucleon wave function renormalization constant, and a very strong suggestion of a zero in the nucleon propagator function, which if present invalidates an upper bound for the strong coupling constant given by Geshkenbein and Ioffe. (1)
The renormalization constant , Z 2, is necessarily a field-theoretic quantity. In a world in which both nucleon and pion are elementary,with their fields appearing in the underlying Lagrangian, Z2 measures the extent to which the nucleon field is renormalized by the interaction. It may be interpreted as the probability for finding a "bare" nucleon in the dressed, physical particle.
There are, however, many indications that the nucleon may not be elementary, 
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In the case of the deuteron,the low energy features of the NN interaction argue strongly in favour of Z = 0, relegating the deuteron to the level of a bound state, as discussed by Weinberg. (2) Unfortunately such an analysis has not proved feasible for the nucleon itself -essentially because of the absence of observable candidates for its constituents. A general classification of particles has been given by Ida (3) in terms of the asymptotic behaviour of Green's functions, but this does not readily permit a decision on the status of the nucleon.
Gell-Mann and Zachariase A4' argued that in a renormalizable field theory, taken to all orders in perturbation theory, the asymptotic value of the nucleon's charge form factor is given by Z2. Thus the observed rapidly falling nucleon electromagnetic form factors suggest a very small and possible zero value for Z 2. It is difficult, however, to translate this result into a rigorous upper bound for Z2 , given the form factors at finite momentum transfer and no knowledge of the underlying field theory.
There remains the r6le of Z2 in DIES. The condition Z2 = 0 is part of the input to Drell, Levy and Yan' Lb 5 arton model and is interpreted by them as (6) representing an entirely composite nucleon, Cooper and Pagels, West(7) and more recently (8) one of the present authors (D. J. B. ) have attempted to set bounds on Z2, g iven information about the structure functions in DIES and the asymptotic behaviour of the nucleon form factors. It was shown in reference (8) that upper bounds for Z2 between 0 and 0.3 result from a variety of assumptions about possible subtraction constants, in the sideways dispersion relations for the nucleon form factors and about the behaviour of R(w) in the Bjorken limit 0 (R(w) is the ratio of longitudinal to transverse photoabsorption cross sections for a virtual photon of energy v and four momentum q, incident on a nucleon, mass m, at rest, in the limit v -. 00, w = -2mv/qz, fixed.)
Subsequently it has been claimed by Hirayama and Ishida (9) that Z2=0, if W-9 = 0, given certain restrictions on the subtraction constants and on the structure functions near w = 1. Unfortunately all these attempts to bound Z2 from DIES information involve high energy regions which we are at present only on the verge of exploring and require assumptions which owe more to the necessity for mathematical precision than they do to physical intuition. They are also very weak applications of unitarity since they involve inequalities in terms of only the Jn = +$+ contributions to DIES.
There does exist, however, one rigorous, non-trivial bound for Z2, (l-1) (10 2) with the only assumption being that the improper xN vertex function of Bincer(ll) * is free of a particularly vicious class of essential singularities at infinity. Whilst our new result may not appear spectacular in the light of the suspicion that Z2 = 0 it represents an improvement by a factor of 8 in the lower bound for the continuum contributions to the sum rule for Zi10
An interesting by-product of our search for an improved rigorous bound on Z2 is a very strong i&i&ion that the nucleon propagator function has a zero, corresponding to a pole of the proper nN vertex function. The existence of such a zero, and, a fortiori, the validity of upper bounds on g2/4x which assume the absence of zeroes, have been a subject of considerable discussion in the past. A very clear review is given by Okubo. (12) Geshkenbein and Ioffe, (1913) and Meiman(14) proved that in the absence of zeroes g2/4n 5 85.6. They also assumed that the propagator at least satisfies a once-subtracted dispersion relation, but Okubo (12) has recently shown this to be an inessential restriction. We improve the bound to g2/4n 5 5'7.6, in the absence of zeroes, Much more significantly we have obtained the approximate bound g2/4n 5 15.3 using an N/D model of Ida (15) to calculate the phase of the one-nucleon-irreducible Pll TN partial-wave amplitude, in the elastic region, We believe this calculation to be relatively reliable, in the absence of zeroes, and argue that the near saturation of our bound is a very strong indication of at least one zero, thereby invalidating the Geshkenbein-Ioffe bound on the strong coupling constant. We find further support for the existence of a zero by reexamining a model-dependent bound on Z2 given by Ida. (15) The paper is organized as follows: In Section II we develop the requisite formal preliminaries, defining the nucleon propagator and vertex functions, deducing the basic unitarity bound, and using elastic unitarity to determine phases of the vertex functions. In Section III we deduce a set of bounds on Z2, our only assumption being the absence of certain essential si@gularities at infinity in the improper vertex function. The previous result of Drell et al. (10) is a particular case of our work and is appreciably improved by a knowledge of the PI1 and sll elastic phase shifts. We also consider whether an approximate current algebra result of Suura and Simmons (16) helps in bounding Z2, but find it to be of negligible value when used in conjunction with the phase shifts.
Finally in Section IV we develop two sets of bounds, one for g2/4n and one for Z2, assuming the absence of zeroes of the propagator. After an N/D calculation we show that these bounds are so restrictive as virtually to require a zero.
Certain purely mathematical details are contained in the Appendix. where m and 1-1 are the nucleon and pion masses.
Given the dispersion relation (2, 5) , Z2 may be evaluated in terms of P(W).
We have 1 < O&x) Ips > = (Zd2 < 0 M(x) Ips > ) (2.6) h where q(x) and Q(x) are the unrenormalized and renormalized nucleon interpolating fields. Z2 is then given by the sum rule (17)
If the integral of Eq. Consider the coupling of a nucleon (momentum p' , spin s) and pion (momentum q , isopin a) to an off-shell nucleon:
where 7)(x) =(iP+mW(x), P = p' + 4, p2 =W2 andwe normalize K(m) = 1 so that g is the strong coupling constant. (19) ( 20 8) J-7-
The nucleon spectral function is given by 
andwe have equality form+ 2)~ 2 IWI zrn+pO Inequality (2.10) is the basis of previous bounds on Z2 and g. To it we add information about the phase of K(W) on its elastic cuts, As shown by Bincer, (11) K(W) is a real analytic function of W with cuts (-03, -(m+p) ) and (m+p, 9 and for m+2p 21 WI 2 rn+p its phase on the cuts is given by elastic unitarity:
where
and dp(Y = s,t-WI, (2.13 ) _ (2.14) with 6 p ,(W) the Pll and Sll nN phase shiftso Thus if we define 6(W) to be , the phase of K(W) on the upper lips of the cuts: (2.15) then 6pW) = wf?, S,(W) = -6(-W), (2.16) modulon, for m+ @kW)rn+p.
Equations (2.7), (2.16) and Inequality (2.10) are sufficient for our rigorous bound on Z 2 , proved in Section III.
In Section IV we address ourselves to the question of the existence of As shown by Ida, (20) , n (W), the phase of l?(W) on the upper lips of its cuts, is given, in the elastic regions, by the phases of the P 11 and S l1 onenucleon-irreducible nN partial-wave amplitudes.
For simplicity consider the P-wave cut, m+ 2p,WLrn+p. We have T(W) = TR(w) + Tm(w) = sin BP(W) exp(isP(W)) , (2.23) and the reducible part is given by This result is the basis for our improved bounds in Section IV,
III. BOUNDS FOR Z2
In this Section we use the experimental value of the strong coupling constant and approximate information about the elastic Pll and Sll phase shifts to obtain the bound Z2 2 0,42 to be compared with the previous result of Drell, We rewrite the integral as We now consider special cases of the result, Eqs. (3.11) to (3.21).
First we restrict ourselves to the use of the normalization condition K(m) = 1. Combining Inequalities (3-6) and (3.11) with Equation ( (3.27) where the points z = & z*(a, b) correspond to W = rt(m + cl), and we have equality if and only if dp ,(W) are everywhere equal to their upper bounds. , In Fig. 1 we have plotted the elastic Pll and Sll phases as given, in parametric form, by Roper et al. (22) This is a best fit to the data with gives the large improvement of bound (3.28~) upon bound (3.28a). The sensitivity to the PII phase shift may be readily understood by the closeness of our datum point, W = m, to the elastic P-wave cut.
Next we use the parametrized phase shifts in Inequality (3.24). Setting It can be seen that the current algebra result, by itself, gives a significant improvement over the old result (compare bounds (3.28a) and (3.28f) ), but is of little value when combined with the phase shifts (compare bounds (3.28e) and (3.28g) ) 0 Accordingly we state our final result without any assumption about K(-m). The errors given arise from three sources. First there are the experimental errors in g. We take(25) g2/47r = (14. 73&O. 29) . Second there are the phase shifts. We allow for variations comparable to the small discrepancies between references (22) and (23). Lastly, there is the appropriate value for the pion to nucleon mass ratio. Here we have to consider isospin breaking, since our result is only valid in the limit of exact isospin symmetry, which presumably corresponds to ignoring the electromagnetic interaction. Isospin assumptions are necessary to determine the coupling constants and phases involving r".
For the numerical results given in Inequalities (3.28a) to(3.28g) we made the somewhat arbitrary choice In conclusion, we have improved the rigorous upper bound on Z2 from .86 to 0 42 using TN elastic phase shifts. We consider this a radical improvement, since it corresponds to an improvement by a factor of 8 in the lower bound for Z,'-1.
Our only assumption is thatIK(W)I<exp(e IWI), for any E >O, as IWI-00. There is a third class of inequalities, involving both n(W) and Z2, which follows from the LSZ sum rule (2.21) and the unitarity inequality. We have (4.11) which, by the same arguments as in Section III, yields The result may be given compactly as follows:
The first term in Eq. (4.19) approximates the short cut from 1 22 W = (m2-p2)/m to W = (m2+2p ) , coming from nucleon exchange. (Note that h(W) has a pole at W = mO) The second pole term approximates the short cut from W = .59 m to W = 0 76 m, coming from P33 exchange. We take (26) W1 = .68 m and the effective resonance coupling has been taken from dispersion theory, (27) The evaluation of the principal value integral presents no difficulty, since we deform the contour to one parallel to the imaginary W axis.
The output, r) .(W) , is plotted in Fig. 2 .
It is important to realize that we are using Ansatz (4.19) quite circumspectly. We require n,(W) in the region m + 2~ 2 W 2 m + cc, which is very close to the approximated short cuts. We attempt no calculation of ns ( give the least restrictive upper bound for Z 2, giving the justification that otherwise there was a danger of deducing a negative upper bound for Z2, which is impermissible.
We consider his arbitrary determination of 77 (W) outside the elastic P-wave region as unjustified and are relatively unconcerned about an apparent violation of the LSZ inequality in his model, since it proceeds from an assumption (the absence of zeroes of A(W) ) which we have shown to be scarcely tenable, merely by the much more trustworthy determination of q (W)
in the elastic P-wave region. In deriving these bounds it is necessary to assume that In l F(z) I is integrable on lz l= 1, which corresponds to our restriction that lK(W)l < exp(eIWI), foranypositive E, as IWI-m. ;,
